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2019 MATHMETH EXAM 2 2

SECTION A — Multiple-choice questions

Instructions for Section A

Answer all questions in pencil on the answer sheet provided for multiple-choice questions.
Choose the response that is correct for the question.

A correct answer scores 1; an incorrect answer scores 0.

Marks will not be deducted for incorrect answers.

No marks will be given if more than one answer is completed for any question.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

43 (-6’, 1)

Question 1 -7

2x = 2
Let f:R—>R, f(x)= 3sin[¥] -2.
. 22 2.9 2/ S K5
The period and range of f are respectively e T3 4___{__ - e
A. Smand[-3,3] A % p.

7
7

C. S5rwand[-1,5]

D. 5?ﬂ:and [-5, 1]

E. 5—;— and [-3, 3]

Question 2
The set of values of k for which x> + 2x — k& = 0 has two real solutions is

A L1} RN b >0

C. (=, 1)

D. {1} 4 + q;}e >0
ek >4

/z>’f

SECTION A — continued

E 25-02



2019 MATHMETH EXLaM 2

> - a q
Question 3 ?(é.) = "Z:{ T
Let 2 R\{4} —> R, f(x):%,wherea>0. ‘
.

[« ¢
The average rate of change of ffromx=6tox =8 is ﬁ ( (O,); - — ¢ - —
A. alog,(2) 4

B, Zlog,2) q _ 1 @ ==
2 -2; T2 = 4
| C. 24 s —
| . 5 ¢, “5
D 4 . =X x -
| : = ] g
< g ’;‘(/
W R
CE Question 4
<<
i J'Oe(asin(x)+bcos(x))dx is equal to _ L a . @ + é':_
ol (2-5)ab _— T L
R A 2
= 2 I
= -ha -+ T S

WRITE

Question 5
Let "(x) = 3x* — 2x such that £(4) = 0. % 3 z
The rule of fis p(;t): X —X+ s

DO NOT

A, f)=x—x2 2
3 =23 — x2+ 48 0 = 4’5,4 »}—C‘-
D jx)=6x—2 £ e = & «.

E. f(x)=6x-24
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Question 6

A rectangular sheet of cardboard has a length of 80 cm and a width of 50 cm. Squares, of side length x centimetres,
are cut from each of the corners, as shown in the diagram below.

________________

50 cm

X cm

G

D

A rectangular box with an open top is then constructed, as shown in the diagram below.

v = <%~zx) ( §0-21) o

”'* ----------------- r /90
2 179 5 ——=
s & o
T ‘il_ume of the box is a maximum when x is equal to
B. 20
C. 25
p, 100
T3
g 200
> 3

SECTION A — continued
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th

Question 7
The discrete random variable X has the following probability distribution.

QI3 +5a 7« =/
J

x 0 1 2 3 lba =1,
T
Pr{X=1x) a 3a S5a Ta

gxa + Ix3e +Zx5a + 3X7%
The mean of X is e e —
1

A o 3q 1ot F2LA
|
B. 1 1
. < P Q(_ |
w D ) i
Ty
< G /6
» o7 L7
T /
= Question 8
=z An archer can successfully hit a target with a probability of 0.9. The archer attempts to hit the target 80 times. The
—_— outcome of each attempt is independent of any other attempt.
Given that the archer successfully hits the target at least 70 times, the probability that the archer successfjllv hats the
target exactly 74 times, correct to four decimal places, is F i n
A. 03635 r(X=7¢ | X 70

WRITE

| B. 0.8266
01408 — BB EEE
| D 0.3005 = @ IZ')’E_E_______;,
— 0
2 E. 0.1701 @_qwé/5(
= Question 9 -/ (f’% « 9",/1% >
(@) The point (a, b) is transformed by
@) i 1 1 ’
e o / - Syl L=
VR eteo ixia
Y& o 2P |2 z i
— o=}
If the image of (a, b) is (0, 0), then (, b) is ~24 -2 =0 -2¥=G58
A, (1,1
B. (-1,1)
C. (-1,0)

D. (0.1)

SECTION A — continued
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Question 10
Which one of the following statements is true for f: R — R, f(x) =x + sin(x)?

.. Th h of f'has a horizontal asymptot
,A/ e graph of f has a horizon ymptote W R &é/

. There are infinitely many solutions to f(x) =4

2 fhas aperiod of 27
D. f(x)z0forxeR

E. [f(x)=cos(x)

Question 11
A and B are'events from a sample space such that Pr(4) = p, where p > 0, Pr(B|4) = m and Pr(B|4") = n.

@m@n‘n events when f‘w&o; P f?y” ( 4 / 4)' P :-['g;/%fj) =

. m=1—-p ﬂ\(}q")‘;q"'f) / ( A i

C. m+n=1 | @)xﬁ{ﬁ) Pf*(ﬁjﬂ )7' ﬁ——-_"’ﬂ&ﬂﬁ); v)
N, w=p Alang) = P Y Patit'y

E. m+n=1-p fw(:ﬁ).: M, : - ﬂ’f)"/ﬁ)-

W,m

Question 12

D A TR PR
A, 2 Qf&w)mu’f—x: 4“}'[)’;’]' f;?i ¥ N
= il
Lo A ¥ [ 7
S L P'(>‘)«-x"f*:—2+[%] e (q.— Z>
C. 8 ’ o
= ¥
i
e 23 _ %
Iz 4; 5 =
_ iz
F

Question 13
The graph of the function f passes through the point (-2, 7).

If h(x)=f [%} +35, then the graph of the function / must pass through the point m p
N B = P45

A, (-1,-12) -4 ) = 2.

B. —1) ) p(-?,) 5 9/

D. (—4,-14) . 7+9

-

E. (3,3.5) -i2.

SECTION A — continued
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Question 14
The weights of packets of lollies are normally distributed with a mean of 200 g.
eal R

If 97% of these packets of lollies have a weight of more than %then the standard deviation of the distribution.
correct to one decimal place, is

e Pe(x > 190)-0-8 7

5:3

: X =L
C. 6lg 2% = 00
D. 94¢g i7¢ —
E. 121g o= "%

Question 15
Let f: [2, 0) > R, f(x) =x*—4x+ 2 and f(5) = 7. The function g is the inverse function of .
g'(7) is equal to

S 5—-?34«2
(g-—Z) +2-%

B. 5 =5
c V7 Dc:(ﬁ'q -
14
: = =T

b 6 x4+ (3 )

1 e =
E. - DeF2

7

g-?,
G6c) = m FEs
96y = (x+D¥ T2
gt = q,(acﬂ) =

:‘;}—f‘;
ﬁ(?) 7+2,

SECTION A — continued
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Question 16

Part of the graph of y = f(x) is shown below.

Y,
A

C. y
A
}
Y 56
E. y
* /
i » X
0 6

-

Qo

The corresponding part of the graph of y = f'(x) is best represented by

B. ¥
A

/\: ’x

0 3\ 6

D. ¥y
A

X

19} 5% >

SECTION A — continue
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Question 17

A box contains # marbles that are identical in every way except colour, of which & marbles are coloured red and the
remainder of the marbles are coloured green. Two marbles are drawn randomly from the box.

If the first marble is not replaced into the box before the second marble is drawn, then the probability that the two

marbles drawn are the same colour is Q e&g ’,? k
> Grean -1 1K

k(kﬁi)+(n—k)(n—k—1)
n(n—1)

k(a2
T -l

IN THIS AREA

WRITE

-
o
Z
©)
(]

7N T
pli-1) 3 (n-kXn-o=))
n(n-1)

SECTION A — continued
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]
Question 18 .

The distribution of a continuous random variable, X, is defined by the probability density function f, where

p(x) —a<x<bh

0 otherwise

f(X)={

e k
ﬁﬂm:é)&&xzﬂ‘*&“‘t ,,,Xﬂ'((i”

anda, b € R*.

The graph of the function p is shown below.

%
(-a,0) O ' £
. e 1

3 ‘ [rv "%
It is known that the average value of p over the interval [—a, b] is e <

Pr(X>0)is -
2 -

A 3 — @%é)?ﬁ &
3

B. P
4

¢ 3

7 SECTION A — continue
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2 ¢l 7 D F
Question 19 - & : i T,
Given that tan(a) = d, where d> 0 and 0 <« < E, the sum of the solutions to tan (2x) = d, where 0 < x < —n, in terms
of @, is e A~ ® 4

A. 0 M ZQC:K-

1

)
Y
k-
w\
\

T+ Tg+t +L

2= T

N
N
=)
<+
N
\X

g ~3
o 2R i
3 3 (D
—___._-, e '_——-’_

Question 20 2‘ . - T =z
The expression log, (v) + log, (z), where x, y and z are all real numbers greater than 1, is equal to (
1 1 éﬁx
_ s ﬂ, _
log (x) log_ (») d’ié’( )’ T ai
1 |

% log,0) o, b (4 = g égg g
1 1
C.

log,(3) log,(2) W

1 1
+
log (x) log,(»)

R
k_} \-J
-

E. log,x)+log,()

é’%w(ﬂ) ’—%%‘j " Yoy
Zf)ﬂj (%) o 4’32 z -~ _/,l/
bl D). bgs )

END OF SECTION A
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SECTION B

Instructions for Section B

Answer all questions in the spaces provided. Write using blue or black pen.
In all questions where a numerical answer is required, an exact value must be given unless otherwise specified.

In questions where more than one mark is available, appropriate working must be shown.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1 (11 marks)
Let f: R — R, f(x) =x%¢*.
T

QZ?C. = Z;c}) eh%

a. Find f"(x). 1 mark

b. i State the nature of the stationary point on the graph of / at the origin. 1 mark

M vnermasn

ii. Find the maximum value of the fu:l}ftion f and the values of x for which the maximum occurs. o 2 marks

(’Z,:u;-ﬂ Zlﬁ)é‘_m =0 ( flekw:
= ~ | //é?// | Lo Ua@ - € o e
&_%70{’ _ when 2=l /

iii. Find the values of d € R for which f(x) + d is always negative. 1 mark

0[“'— -'C_l M’“’é‘“

SECTION B — Question 1 — continue
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c. i. Find the equation of the tangent to the graph of fat x =—1. 1 mark
</ |
Y iemag or Y= e
ii. Find the area enclosed by the graph of f and the tangent to the graph of fatx =—1, correct to four
decimal places. < 2 marks
” J__ - ¢ 5 - @/IW ] ‘/
e dv — e pla. = O Ty wnuts
-1
’ 03254 %

d. Let M(m, n) be a point on the graph of £, where m < [0, 1].

Find the minimum distance between M and the point (0, ), and the value of m for which this occurs,
correct to three decimal places. 3 marks

Mim,n) =7 ///'(M e )
M':\)[(M e"m)‘—@j—}—LM*_aji
o~ L) e+ m*
st) =@ b roen Pl )
g o - 7%’3 | o
7
/ 51) - m=g-743 7%
f‘

7w

SECTION B — continued
TURN OVER
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Question 2 (11 marks)
An amusement park is planning to build a zip-line above a hill on its property.
3x(x—30)?

2000
an origin and y is the height, in metres, above this origin, as shown in the graph below.

The hill is modelled by y = , x € [0, 30], where x is the horizontal distance, in metres, from

¥y
A
104
ol
6 e
4T hill
2 -
I t t f t —p X
0 5 10 15 20 25 30
. da .
a. Find Ey ‘?17-—— 2&014— 2700 96‘"0)(1"3 0) 1 mark
- it bR
2000 2000
b. State the set of values for which a-‘u the hill is strictly decreasing. 1 mark

SECTION B — Question 2 — continued

E 25-14
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The cable for the zip-line is connected to a pole at the origin at a height of 10 m and is straight for 0 <x <a,
where 10 < a <20. The straight section joins the curved section at A(a, b). The cable is then exactly 3 m

vertically above the hill from a <x < 30, as shown in the graph below.

y
A
10F-eee
“__ﬂ___.,_.—r—f——h:—.:;:::::—h-.. A(a’ b)
L g 4025
8T E
| 3m iy
i ~. cable
6 o I v “\\\
4 hill
i T
2T |
| 3 m
: : : : : r
0 5 10 15 20 25 30

c. State the rule, in terms of x, for the height of the cable above the horizontal axis forx € [a, 30].

Bxla o207

Y-

2000

d. Find the values of x for which the gradient of the cable is equal to the average gradient of the hill for

| b

= [10,;‘/(::]%

+ 3.

q (ou-10) (X 30 )
r——’/_’,-

2= {0 376 ; M; 2000
Ave gron |
— ;;i— 9 Go-10) (-30)
2000
i X =T 20— iéo—‘/—é
>

1 mark

3 marks

- 6

‘.:’ _/'
20 -
2o+ 10

=

" S
EE 25-15

SECTION B - Question 2 — continued
TURN OVER
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—

The gradients of the straight and curved sections of the cable approach the same value at x = a, so there is a

)

continuo d smooth join at 4. ﬁ 5 6

\
i. State the gradient of the cable at 4, in terms of a. 2ala - 30)& 10 L/ 1 mark
( w0
{,\L -~ M- ?(cc, v;a)(ea 30) M- 2000 -
a

800

ii. Find the coordinates of 4, with each value correct to two decimal places.

9 (p-10)(a-30) BML"%
o0

iii. Find the value of the gradient at A, correct to one decimal place.

m = 9 x (42 - 10 )(H-Az2 - 30)

2080

:;-O"].

SECTION B — continued
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e —_—
2000 q |
3@(4{-—3@1"’4”@ 9 (4 ﬂ/c))éz.—&:?) B
2000 @ . 2000
a=-2%5 | |lils , 26.735
117
=2
Y = 3 x)l-tz(i-1z2-30)
CONTINUES OVERFCE
FT5

/ 1L @?5>

SECTION B — continued
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Question 3 (9 marks)

During a telephone call, a phone uses a dual-tone frequency electrical signal to communicate with the
telephone exchange.

The strength, f, of a simple dual-tone frequency signal is given by the function f(¢) = sin[”—t] +sin (n—tj,
where ¢ is a measure of time and ¢ > 0. 3 6
Part of the graph of y = f(#) is shown below.

/\ — \/\ ‘ /\ —— /br
NN 22 |24

1 | L
T T T T
12 14 16\_/18 20

_1 =
b/
U‘f
iz 7 v
a.  State the period of the function. 1 mark
b. Find the values of # where f(¢) = 0 for the interval 7 € [0, 6]. 1 mark

f:o/%,é

SECTION B — Question 3 — continued
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¢.  Find the maximum strength of the dual-tone frequency signal, correct to two decimal places. 1 mark

|74

d. Find the area between the graph of  and the horizontal axis for 7 e [0, 6]. 2 marks

g‘j (o) oé +] §* 06> ol¢

I

-

Let g be the function obtained by applying the transformation 7 to the function £, where
n' T A+ T A7 A 5 AT

=)

T * . a 0fx 18 G £ 2 oi a-
y o b ¥ d ¥ -3 byt ﬁ_‘_—_ﬁl— -y
b - &
and a, b, ¢ and d are real numbers. & Qe Pra). L 49 20¢) .

0 6
e.  Find the values of a, b, ¢ and d given that I g(t)dt + J. g(?)dt has the same area calculated in
2 3

art d. 2 marks
p az] é-::. il W&Lﬁi“%;'ﬁ
C= -4 QZ"*—‘-CP fmm % é

f.  The rectangle bounded by the line y = &, k € R™, the horizontal axis, and the lines x = 0 and x = 12 has
the same area as the area between the graph of f and the horizontal axis for one period of the dual-tone
frequency signal.

Find the value of k. 2 marks
ok = %
b-520
24z
5

o

= el

SECTION B — continued
TURN OVER
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Question 4 (17 marks)
The Lorenz birdwing is the largest butterfly in Town A.
The probability density function that describes its life span, X, in weeks, is given by

ety Odads

S(x)=1625
0 elsewhere
a. Find the mean life span of the Lorenz birdwing butterfly. 2 marks

- (T (522 ) % A
/,"“ 62% — ;

L

i ‘

.u-l"“_’_/

—_B

b. Inasample of 80 Lorenz birdwing butterflies, how many butterflies are expected to live longer than
two weeks, correct to the nearest integer? 2 marks

filc o 2) = ggﬁ? (5363 -x%) _GZ%

= 0-92% :ﬁﬂ,%z: 73,

¢. What is the probability that a Lorenz birdwing butterfly lives for at least four weeks, given that it lives
for at least two weeks, correct to four decimal places? 2 marks

blx y tlxy2) = Pl
/%(K} 2).

6-2 61772
0.9(2%

Z0-2%77 6
=0:2%7%

SECTION B — Question 4 — continued
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The wingspans of Lorenz birdwing butterflies in Town A are normally distributed with a mean of 14.1 cm
and a standard deviation of 2.1 cm.

d. Find the probability that a randomly selected Lorenz birdwing butterfly in Town A has a wingspan
between 16 cm and 18 cm, correct to four decimal places. 1 mark

O-i15]2 f

e. ALorenz birdwing butterfly is considered to be very small if its wingspan is in the smallest 5% of all
the Lorenz birdwing butterflies in Town A.

Find the greatest possible wingspan, in centimetres, for a very small Lorenz birdwing butterfly in
Town A, correct to one decimal place. 1 mark

P-(X< ) = 0-05
10-6 cm .

SECTION B - Question 4 — continued
TURN OVER
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Each year, a detailed study is conducted on a random sample of 36 Lorenz birdwing butterflies in Town A.
A Lorenz birdwing butterfly is considered to be very large 1T its wingspan is greater than 17.5 cm. The
probability that the wingspan of any Lorenz birdwing butterfly in Town A is greater than 17.5 cm is 0.0527,
correct to four decimal places.

f. i. Find the probability that three or more of the butterflies, in a random sample of 36 Lorenz
birdwing butterflies from Town A, are very large, correct to four decimal places. [ mark

Pr(i’«},la) = [“ ﬂ;;é:__& 10:6%0*;2—’7
0,2?47 K 362554 7:!«—().o>27

ii. The probability that 7z or more butterflies, in a random sample of 36 Lorenz birdwing butterflies
from Town A, are very large is less than 1%.
B ke

Find the smallest value of », where # is an integer. 2 marks

P».-(X)}f))(@.»@]

M N=7

iii. For random samples of 36 Lorenz birdwing butterflies in Town A, P is the random variable that
represents the proportion of butterflies that are very large.

Find the expected value and the standard deviation of P, correct to four decimal places. 2 marks
E(p)= 0.0527 sdfp) - |0.0527 (1-0-0527)
36.

= 0.8 77

A jv. What is the probability that a sample proportion of butterflies that are very large lies within one
standard deviation of 0.0527, correct to four decimal places? Do not use a normal approximation. 2 marks

00527 x36 = |- %972 0 ~757?)é
O.0572% 3% = [-33972. ©e7380
3:236‘[‘!1 0-554

~ (. 14Y¢$3 /

SECTION B — Question 4 — continue
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g.  The Lorenz birdwing butterfly also lives in Town B.

In a particular sample of Lorenz birdwing butterflies from Town B, an approximate 95% confidence
interval for the proportion of butterflies that are very large was calculated to be (0.0234, 0.0866),
correct to four decimal places.

Determine the sample size used in the calculation of this confidence interval.

2 marks

SECTION B — continued

| E‘E 25-23
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Question 5 (12 marks)

Let f: R — R, f(x) =1 —x°. The tangent to the graph of f at x = a, where 0 < g < 1, intersects the graph
of fagain at P and intersects the horizontal axis at 0. The shaded regions shown in the diagram below are
bounded by the graph of £, its tangent at x = a and the horizontal axis.

]

y=/f(x)

a. Find the equation of the tangent to the graph of f at x ¥ a, in terms of a. 1 mark
£l 2 1. L
(zlz,)r, - 3% j- C!wf") = = B (x-q).
. 3 k. 3
4= ke ALV AS WPV AN 0 pn

b. Find the x-coordinate of (, in terms of a. 1 mark

3
0= 32"yt 303+ Xz Jor + |

——
3at
¢. Find the x-coordinate of P, in terms of a. 2 marks

3 )
l-” = -24%x+ 2a 41,

> =W = L .

o9 — -20.

SECTION B — Question 5 — continued
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Let 4 be the function that determines the total area of the shaded regions.
3
Find the rule A in terms of a. 3 marks

S' [ -?,_&%L-ﬁ zczgsr,[]-LT'J.;j g[-_;,; + g [ Ja" X1 Zn -r}]czgg
2z ,
§_m [ 3 22%5]0/1 “Lj f‘%—‘zm 2m3+!l»/:>c

\i

] & .
= éa +2¢z""§zd—l+~’ *QQ—U (2 +/)
4 T =
i 6 e
> 04’y 2 , L _3
e.  Find the value of a for which 4 is a minimum. 2 marks
a(A) -

[~ &

CrL .
él:_-/q,// 20-% s (}"5)%

Consider the regions bounded by the graph of /1, the tangent to the graph of /1 at x = b, where 0 < b < i
and the hori ont ax1s = ﬂ

Z

f. Find the value of b for which the total area of these reclons isa mmlmum 2 marks

fat Clvaﬁ &(,) U= l-a : BWM’L/JM&& MZ&«Q{
- [’U'JJ ==z _,/

Find the value of the acute angle between the tangent to the graph of f'and the tangent to the graph of
ot T

ol | Lorgorl 16 gl s onllead b

f [7(,)2 "3;:&- )

£~ -3 8= Tun (-3 /@g
-2 %

A é%\e@n - Li(, fflzi;é{(’é’)

END OF QUESTION AND ANSWER BOOK
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