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2021 MATHMETH EXAM 1 2

Instructions

Answer all questions in the spaces provided.

In all questions where a numerical answer is required, an exact value must be given, unless otherwise specified.
In questions where more than one mark is available, appropriate working must be shown.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1 (3 marks)

a. Differentiate y = 2¢7 with respect to x. 1 mark
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b. Evaluate /'(4), where f(x)=x+/2x+1. , / 2 marks
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Question 2 (2 marks) = "'%/

Let f'(x) =x* +x.

Find f(x) given that f(1) = 2.
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Question 3 (5 marks)
Consider the function g : R — R, g(x) = 2 sin(2x).
a.  State the range of g. 1 mark
, 2 9]
[ ﬁwﬂ\g - [ - ,,,/ Z S B
b.  State the period of g. 1 mark
i 2w
ferigol - = = T
¢.  Solve 2 sin(2x)=+/3 forx € R. 3 marks
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Question 4 (4 marks)
2 . . ; :
a. Sketch the graph of y =1~ —5 on the axes below. Label asymptotes with their equations and axis
o

intercepts with their coordinates. 3 marks
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b. Find the values of x for which 1- 23, 1 mark
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Question 5 (4 marks)
Let f:R—R, f(x)=x*-4andg: R —> R, g(x) =4(x—1)*—4.

a. The graphs of fand g have a common horizontal axis intercept at (2, 0).

Find the coordinates of the other horizontal axis intercept of the graph of g. 2 marks
Gl -8 | gpoyEl

4-¢l-1)" X =1+l Azl

% (7(*/_)_’1_' o

5 - 3 -
2l gy _ a Jcéw/( 0/23) .

b. Let the graph of / be a transformation of the gfaph of /'where the transformations have been applied in
the following order:

o 1 . . . .
» dilation by a factor of o from the vertical axis (parallel to the horizontal axis)
e translation by two units to the right. (in the direction of the positive horizontal axis)

State the rule of & and fhe coordinates of the h%m(ismmmof the graph of A. 2 marks

Py = x"— 4.
Mk Clz) = (ex) -4.
’,M%tﬁ{tﬂ?ﬂ _-@(_z(;;-—z)) - (zlzfz))l"* B
= 4 (r-2)= 4

hiz) =4 (x-2) -4
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Question 6 (6 marks)

An online shopping site sells boxes of doughnuts.
A box contains 20 doughnuts. There are only four types of doughnuts in the box. They are:
 glazed, with custard

+ glazed, with no custard

» not glazed, with custard

» not glazed, with no custard.

It is known that, in the box:

o ; of the doughnuts are with custard

. % of the doughnuts are not glazed

1
. 10 of the doughnuts are glazed, with custard.

a. A doughnut is chosen at random from the box.

Find the probability that it is not glazed, with custard. 1 mark
7

Pl e'n C')__"_—‘ =i’

b. The 20 doughnuts in the box are randomly allocated to two new boxes, Box A4 and Box B.
Each new box contains 10 doughnuts.
One of the two new boxes is chosen at random and then a doughnut from that box is chosen at random.

Let g be the number of glazed doughnuts in Box 4.

Find the probability, in terms of g, that the doughnut comes from Box B given that it is glazed. 2 marks
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Question 6 — continued
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7 2021 MATHMETH EXAM |
¢.  The online shopping site has over one million visitors per day. i
It is known thati__@%e visitors are less than 25 years old. f > .
Let P be the random variable representing the proportion of visitors who are less than 25 years old in
a random sample of five visitors. 2 / = & E - ) /
s AL
Find PI'(PE O.S). I,)_owzwiﬂla_ﬁgn. /‘7 - ks 3 marks
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Question 7 (3 marks)
A random variable X has the probability density function f given by
G e

k
— 1<x< 2
fx)=4 x?
0 elsewhere

where k is a positive real number.

a. Show that k=2. !
57;{%. Y
7 " 77' S 72 “/x . | z_ - b o 2

k —L‘ ’-_:t:'::':— L
ki-2+l 1= 1
b. Find E(X). " i 2 marks
Elx) & S; Zx e )
) = §* = A ) )
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Question 8 (5 marks)
x 3

The gradient of a function is given by Z;y Nx+6— oy
he

The graph of the function has a single stationary point at (3,

=8
\-__/

a. Find the rule of the function. Y | Y i 4 - ?{ B ? e 3 marks
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b.  Determine the nature of the stationary point. 2 marks
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10
Question 9 (8 marks)
Consider the unit circle x? + y? = | and the tangent to the circle at the point P, shown in the diagram below.
e
{1 beomdliit 750 g
Mg 2| " o O OF /]
\A |
P 3 = e g '.
7
Aé 0) f Z
0 (1, b) . L.
\ e
-
P=7%.

, . o 2
a. Show that the equation of the line that passes through the points 4 and P is given by y =— j_ NG

= —34——3 2 marks
M= Tom . Yy masre
.l’i"
= Tan(’%

I

=% (0

Yot i .
o s amNLTE

0= " 13

£ - Z

1 0
Let T:R? — R?, TﬂxD =[ Mq, where ¢ € R\{0}, and let the graph of the function / be the
y 0 gLy e

transformation of the line that passes through the points 4 and P under T
b. i

Find the values of ¢ for which the graph of / intersects with the unit circle at least once.
M=
V

1 mark

(2,0 7/ i f/-,/ﬁfsz’f\ a@wn I — IS ¥ ke /.}mé/ /M i\/ /z»f/w
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Let the graph of 4 intersect the unit

K

circle twice.
=tk L
Find the values of ¢ for which the coordmates of the points of mtersectlon have only positive
lues. 1 k
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. T
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\\—4/ e L' " ,) Question 9 — continued
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C.

For 0 < % <1, let P’ be the point of intersection of the graph of /# with the unit circle, thre P'is

always the point of intersection that is closest to 4, as shown in the diagram below.

e

D
/fzif,y‘/d 0/‘
Pf

5 A2, 0)
0 O e

Let g be the function that gives the area of triangle OAP" in terms of 0.

i. Define the function Z.

frog = % nbosdr beight

F— — — =

Buaat . =2 F 2y embB

e 56, Oelo, %]

7

ii. Determine the maximum possible area of the triangle OAP".
e

——
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/
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2 marks

END OF QUESTION AND ANSWER BOOK
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